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Abstract

Analytical solutions obtained through perturbation method and Fourier transform are presented for natural convection in concentric
cylinders with a porous sleeve. The porous sleeve is press-fitted to the inner surface of the outer cylinder. Both the inner and outer cyl-
inders are kept at constant temperatures with the inner surface at a slightly higher temperature than that of the outer. The main objective
of the present study is to investigate the buoyancy-induced flow as affected by the presence of the porous layer. A parametric study has
been performed to investigate the effects of Rayleigh number, Darcy number, porous sleeve thickness, and relative thermal conductivity

on the heat transfer results.
© 2006 Elsevier Ltd. All rights reserved.

1. Introduction

Natural convection in horizontal annuli has long been a
subject of engineering interest. Earlier work includes sev-
eral experimental studies with flow visualization by Bishop
and Carley [1] and Powe et al. [2,3]. Kuehn and Goldstein
[4,5] examined this problem from both experimental and
numerical perspectives. Charrier-Mojtabi et al. [6], on the
other hand, performed a numerical study on the same sub-
ject. Since then, this problem has been extended to include
the effect of eccentricity [7-11] and to the field of porous
media [12-14]. Caltagirone [12] studied natural convection
in a saturated porous medium bounded by two horizontal
concentric cylinders. Later, Bau [13] examined natural con-
vection in an eccentric porous annulus at low Rayleigh
numbers using the perturbation method.

The present work examines the flow and temperature
fields in a concentric annulus with a porous sleeve. Differ-
ent from the previous studies mentioned above, the present
study considers a fluid layer and a porous layer of finite
thickness. In fact, the study of flow interaction between a

* Corresponding author. Tel.: +1 405 325 1748; fax: +1 405 325 1088.
E-mail address: flai@ou.edu (F.C. Lai).

0017-9310/$ - see front matter © 2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijheatmasstransfer.2006.01.039

fluid and a porous layer can be dated back to the sixties.
Ishizawa and Hori [14] had obtained the normal velocity
profiles of a viscous fluid through a porous wall into a nar-
row gap. For applications, a horizontal annulus with a por-
ous sleeve is of practical interest. For example, heat
transfer in an annulus with scale or ice slurry developed
on the inner surface of the outer cylinder is important for
heat exchanger design. Another related application is the
use of porous bearings in rotary machinery.

2. Formulation and numerical method

The physical configuration of the present study (Fig. 1)
consists of two infinitely long cylinders of radii ¢ and c.
They are maintained at constant temperatures, 7y (on the
inner cylinder) and 77 (on the outer cylinder) with T > T7..
In between, a porous sleeve of inner radius b is press-fitted
to the inner surface of the outer cylinder. Thus, the config-
uration consists of an inner fluid region and an outer porous
region. It is assumed that the porous matrix is homoge-
neous, isotropic and saturated with the same fluid in the
fluid region. The effects of temperature on the fluid and por-
ous matrix properties other than density are assumed negli-
gible due to the small temperature difference. Since both
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Nomenclature
a radius of the inner cylinder (m) Greek symbols
b inner radius of the porous sleeve (m) o thermal diffusivity, k/pc, (m?/s)
¢ radius of the outer cylinder (m) p coeflicient of thermal expansion (1/K)
¢ heat capacity (J/kg K) u dynamic viscosity of fluid (kg/m s)
Da Darcy number, Da = K/b* It effective viscosity in Brinkman model (kg/m s)
g gravitational acceleration (m/s?) v kinematic viscosity of fluid (m?/s)
K permeability (m?) o fluid density (kg/m?)
k effective thermal conductivity of porous medium @ normalized temperature, O =(T-Ty)/
(W/mK) (T — Tv)
Nu Nusselt number, Nu = hb/k 0 azimuthal angle in cylindrical coordinate system
Nu average Nusselt number ¥ dimensionless stream function, ¥ = /o,
P pressure (Pa) V] stream function (m?/s)
Pr Prandtl number, Pr = v/«
R normalized radial distance in cylindrical coordi- Subscripts
nate system, R = r/b in inner cylinder
r radial distance in cylindrical coordinate system  out outer cylinder
(m) 1 fluid layer
Ra Rayleigh number, Ra = gf(Ty — T0)b>/va, 2 porous layer
T temperature (K)
u, ug velocity components in cylindrical coordinate
system (m/s)
L0y, V2, QY OV°Y,
r ( or 00 a6  or )
S . 0Ty «cosfoT
~~~~~~~~~~ gﬂ(sm@arl+ ; ael> + Wy, (1)
1 /0y, 0T, 0Oy, 0T, )
;(W@‘WE)—W I, @)
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Fig. 1. A concentric annulus with a porous sleeve subject to differential
heating from the inner and outer wall (74 > T1).

cylinders are stationary, the fluid motion is induced by the
thermal buoyancy resulting from the differential heating
between the cylinders. It is further assumed that the buoy-
ancy-induced flow is steady and laminar.

The governing equations in terms of stream function
and temperature for both fluid and porous layers are given
by

p (s OV, s OV,
r\or 00 o0  or
B . 0T, cos0 0T, [T o
_pgﬁ<s1n(9 5 T 66) KV Uy + BV Y5, (3)
1[0y, 8T, O, OT5\ _,
” < or a0 00 or ) -2V I “)

where subscripts 1 and 2 refer to the fluid region and por-
ous layer, respectively. V is the regular Laplacian operator
and is given by
910
ot ror

1 &

2 —_—
\Y 2

(5)

For the fluid region, Eqgs. (1) and (2) are exactly the
same as those derived by Yao [7]. For the porous layer,
Egs. (3) and (4) are formulated using the Brinkman
extended Darcy law. The governing equations are normal-
ized to give

11 (6‘1’1 ovViY, oY, 672%)
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where the normalized Laplacian operator is given by
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The corresponding boundary and interface conditions
are given below.

On the surface of the inner cylinder,

r=a, u1=0, up=0, T,=Thy.

(11a)
On the surface of the outer cylinder,
T,=T.. (11b)

On the interface between the fluid layer and the porous
sleeve,

r==a, U = Oa Up = Oa

r=b, w1 =uy, up =up, (11c)
Qn _ S py _p (11d)
Wy or =l or ' 1 =42
oT, oT,
T, =T —=ky—. 11
1 » ki o ks or (11e)
In the dimensionless form, they are given by
B oY, oY, B
AtR—a/b, W_O’ W—O, @1 = (123)
B oY, oY, _
AtR—C/b, W—O, ﬁ_o, @2— (12b)
B oY, 0J¥, oY, oY,
= = oViY, oVi¥, 1 0%,
2y _ o2 _ 2
V¥ =V TS TR Da R’ (12d)
00, k, 00,
0,=0, —=——. 12
TP B8R Tk oR (12¢)

3. Solution method

Since the temperature difference between the cylinders is
small, the corresponding Rayleigh number is also small.
For the present study, the solutions are obtained using
the perturbation method. Although a direct numerical
solution of the problem is possible, analytical solution is
preferred here. Particularly, the closed form solutions
obtained from the present study are intended for code val-
idation for a related study [15]. In the spirit of perturbation
method, the solutions for the stream function and temper-
ature are sought in the form of power series of the Rayleigh
number

¥, =¥+ Ra¥y +Ra¥Viy +---, (13a)
O, =0+ RaO; + - -, (13b)
¥, = ¥y +Ra¥y +Ra*¥Wy + - - -, (14a)
Oy = Oy +RaB®y +---. (14b)

Analytical solutions up to the second leading terms are
obtained and presented in this paper. Substitute the above
solution forms to their governing equations as well as the
boundary and interface conditions, respectively. After col-
lecting the terms with the same power of the Rayleigh num-
ber, one obtains four sets of governing equations and their
corresponding boundary and interface conditions at differ-
ent solution levels (orders). For brevity, the formulations
of these subset problems are not presented here but can
be found in Ref. [16].

To solve the problems at various levels, Finite Fourier
Transform is used in which the independent variable 0 is
transformed to a parameter o. Osizik [17] has successfully
demonstrated the use of this transform in classical heat
conduction problems. In the present work, there is no pre-
scribed boundary condition for the independent variable 0
except the requirement that the flow and temperature fields
have to be continuous around the annulus with a period of
2m. This transformation is performed as follows:

Fourier transform

B(r,n, 0) = F{d(r,5)} = /0 " cosn(o — ) x O(r,5) x dé.

(15a)
Inverse transform
1 - I &K
O(r,0) = 5-(r,0,0) +~ ; &(r,n,0)d(r,0)
Lo(r0.0)+ 1 d(r.n.0) (15b)
= — r — r.n .
211: ) ) T[ b b

1

I

Solving the problems in a sequential manner at the cor-
responding powers of the Rayleigh number, one obtains
the following solutions:

qjlo = 07 (16&)
¥, =0, (16b)
 (ki/k>)In(c/b) — In(R)
€10 = T /k2) In(e /) —in(a/b)’ (172)
_ (ki/ky) In(c/b) — (k1 /k2) In(R)
O =" ko) In(¢/B) — In(a/b) (176)
Ay 5 B
'lyll = ?R + TRIH(R) + C“R
+D11R71 + (ln(gR) —33—2>F11R3, (183)
Yy = %Il(VR) + %Kl (yR) + CuiR
+ Dy R + %Rln(R), (18b)
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Notice that the functions 7 and K in the above equations
are the modified Bessel functions of the first and second
kinds, respectively. The prime denotes the partial derivative
with respect to R. The coefficients in each equation are
listed in Appendix A. Clearly, ®;9 and ©,y represent the
solutions of conduction for the limiting case of Ra =0.
As such, there is no flow inside the annulus (Egs. (16a)
and (16b)).

The heat transfer results are evaluated in terms of the
Nusselt number on both inner and outer cylinders. By def-
inition, the local Nusselt numbers represent the local heat
flux and are given by

hb 00,

+ C12R2 (2021)

(20b)

Nujp = — = ——— 21
T T TR (21a)
hb 00
and Nl/lom = kiz = — 67132 . (21b)

To evaluate the average Nusselt number, one integrates
the local Nusselt number over the circumference of the
cylinder

q

v q n'v/
=1 pal 22

Nuy, a/b aﬂ'/o @“Ra/bdﬁ—i— , (22a)
and
- _kl q kl q " /
L T A TSR
where
~, 3R>, In(R)’+mhR) -1,
o, _6_4A“ 3 By,

In(R)+1 , InR)—-1 F

e e
IR 7
+ ‘614 (31 (R) 2), (23a)
and
~, A 10(y8) 4z, ToGR)
o, =2 / 0
21 y3 ( é 6—’— R

B/21 (/ Ko(y dv Ko(y ))

> [ln( )+ 1]+ R z(ln( )= 1)+ Exn

F I’

—r [1n(R)2 +In(R) - 1] . (23b)

Since the temperature field is symmetrical about the ver-
tical axis (and thus it is an even function), the limit of inte-
gration in Egs. (22) is from 0 to m.

4. Results and discussion

The present study is focused on the effects of Rayleigh
number, porous sleeve thickness, Darcy number, and the
effective thermal conductivity ratio on the flow and temper-
ature fields in a concentric annulus with a porous sleeve.
Among the parameters considered, Rayleigh number signi-
fies the thermal buoyancy induced by the differential heat-
ing between the inner and outer cylinders. Mathematically,
a solution obtained by the perturbation method is valid
only for a small perturbed quantity (Rayleigh number in
the present study). However, in the literature, Mack and
Bishop [18] have reported solutions for which the Rayleigh
number is as high as 10°. In a similar study, Huetz and Petit
[19] as well as Custer and Shaughnessy [20] all have
obtained converged solutions with the Grashof number
(their perturbed quantity) in an order up to 10*. The reason
why the solution still converges at these values may be due
to the fact that convection remains very weak in the range
of these numbers. For the present study, it has been found
that the flow and temperature fields as well as the heat
transfer results predicted by the present analytical solutions
agree very well with those of the direct numerical solutions
for Rayleigh numbers up to 100. Typically, a Rayleigh
number on the order of 100 corresponds to a temperature
difference of 0.1 K for an annulus with a gap width of 1 cm.
Therefore, the buoyancy-induced flow is small but finite.
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For the discussion that follows, we limit our attention to a
specific configuration of a =1, b= 1.5, and ¢ =2, unless
specified otherwise. Also, the flow and temperature fields
are presented in the contour plots of stream function and
isotherm, respectively.

Fig. 2 shows the effect of porous sleeve thickness on the
flow and temperature fields at the Rayleigh number of
unity. An increase in the value of b implies a reduction in
the porous sleeve thickness. This can be clearly observed
by the locations of the interface (dashed line) between the
inner and outer cylinders. Apparently, the flow fields are
symmetrical about the vertical diameter. On each side of
the vertical diameter, there exists a convective cell. The
left cell rotates in the counter-clockwise direction while
the right cell of equal strength rotates in the clockwise
direction. As the thickness of the porous sleeve reduces
(i.e., b increases), the flow resistance in the entire annulus
decreases accordingly. As a result, less energy is lost
through the flow resistance and which leads to a stronger
convective flow. In general, the eyes of the convective cells
are located within the fluid layer. At b = 1.75, the porous
sleeve is nearly impermeable and convection is mainly con-
fined in the fluid layer. As b decreases, the convective cells
penetrate the porous sleeve. At b = 1.25, the fluid layer is
too thin to contain the convective cells. As such, the cells
penetrate the porous sleeve and their strength decreases
accordingly.

Also observed is that the isotherms appear to be a family
of concentric circles and thus the temperature profiles are
independent of the azimuthal angle. Regardless of the loca-
tion of the interface, the spacing between isotherms
remains little changed. This indicates that the sleeve thick-

b 1.25

ness has nearly no effect on the temperature distribution.
Because heat conduction is the dominant heat transfer
mode in these cases, the isotherms are distributed in pro-
portion to the logarithm of the radial distance. The result
is consistent with the assumption made at the beginning
of the study (that is, a small Rayleigh number). A small
Rayleigh number implies that heat convection is insignifi-
cant, or in other words, heat conduction is the dominant
heat transfer mode in the system. This observation is also
consistent with the results of Kuehn and Goldstein [4].
They have shown that the critical Rayleigh number Ra;
for the onset of heat convection in concentric cylinders is
about 10°, where Ra; is defined based on the gap width,
L. Since the presence of a porous sleeve imposes additional
resistance on the convective flow, it is reasonable to expect
that the critical Rayleigh number for a concentric annulus
with a porous sleeve would be higher than 10°.

Presented in Fig. 3 are the flow and temperature fields at
various Darcy numbers. A Darcy number with a unity
value implies that the pore size in the porous sleeve is of
the same order of magnitude as the gap width. This in turn
signifies that the flow resistance in the porous sleeve is
basically non-existent. As such, the flow structures for
Da=10"" resemble those with a porous sleeve that is
highly permeable. As the Darcy number decreases, the flow
resistance becomes more significant. It is more difficult for
the convective flow to penetrate the porous sleeve, which
leads to weaker convective cells. In addition, it is clearly
observed that the eye of the convective cells moves inward
as the Darcy number decreases. Since the flow penetration
decreases with a reduction in the Darcy number, the cells
are mostly confined in the fluid layer and thus the eyes

Fig. 2. Effect of porous sleeve thickness on natural convection in concentric cylinders with a porous sleeve for Ra=1, Da=10"*, k\/k» =1, and
Pr=2x10*% (a) flow fields (A¥Y =2 x 107> for »=1.25 and 1.5, A¥ = 1 x 10~ for b = 1.75); (b) temperature fields (A® = 0.2).
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Fig. 3. Effect of Darcy number on natural convection in concentric cylinders with a porous sleeve for Ra =1, b = 1.5, ki/k» = 1, and Pr = 2 x 10* (a) flow
fields (A¥ =2 x 107* for Da=10"" and 1072, AW =2 x 1077 for Da = 10~%); (b) temperature fields (A@ = 0.2).

are pushed inward. Since the conductivity ratio is fixed at
unity, the isotherm patterns are identical. This also shows
that the temperature gradients are too small to induce sig-
nificant heat convection.

The effects of thermal conductivity ratio k/k, are exam-
ined in Fig. 4. At a small Rayleigh number, the convective
cells are confined within the fluid layer. Also noticed is that

k/k,

the convective cells become weaker with an increase in the
thermal conductivity ratio. For k,/k, > 1, the porous sleeve
has a smaller thermal conductivity and thus leads to a lar-
ger temperature gradient in the porous sleeve to initiate
convection and flow penetration. The figure also shows
that the temperature fields depend mostly on the thermal
conductivity ratio but not the Rayleigh number. Because

Fig. 4. Effect of thermal conductivity ratio on natural convection in concentric cylinders with a porous sleeve for Ra=1, Da=10"% h=1.5, and
Pr=2x10*% (a) flow fields (A¥ =2 x 107°); (b) temperature fields (A® = 0.2).



3022 J.C. Leong, F.C. Lai | International Journal of Heat and Mass Transfer 49 (2006) 3016-3027

heat conduction is the dominant heat transfer mode for
these cases, the Rayleigh number only plays a minor role.
When k;/k, = 1, the isotherms are relatively evenly distrib-
uted within the gap because there is no distinction between
the fluid and porous sleeve as far as heat conduction is con-
cerned. For k,/k, < 1, the porous sleeve is more conductive
than the fluid layer. As a result, a large temperature gradi-
ent is found in the fluid layer while temperature is almost
uniform in the porous sleeve. Conversely, for ki/k, > 1,
the temperature in the fluid layer is more uniform than that
in the porous sleeve.

The combined effects of Darcy number and conductivity
ratio can be examined from Figs. 5 and 6. As observed, the
flow fields (Fig. 5) show a similar trend as that observed in
Fig. 3. As the Darcy number decreases, the convective cell
weakens in strength along with its eye moving toward the
fluid layer. Notice that the increment of the stream func-
tion AV for the case of Da = 10~* is only half of the other

cases. Therefore, its strength is actually much weaker than
it appears in the figure. When the porous sleeve is less per-
meable (Da = 10~%), a smaller thermal conductivity ratio
(ki/k> <1) leads to a larger temperature gradient in the
fluid layer. A larger temperature gradient represents a
stronger driving force to produce a more vigorous convec-
tive flow. As such, the strength of the convective flow
decreases with an increase in the conductivity ratio. When
the porous sleeve is considerably permeable (Da = 10° and
1072), the strength of the convective cells on the other
hand grows with the thermal conductivity ratio k;/k».
Remember that, at this range of Darcy numbers, the
flow in the annulus behaves as if it were in a single fluid
layer. At ki/k;=0.5, a higher temperature gradient

appears in the fluid layer, leaving the porous sleeve almost
isothermal. As k,/k, increases, the temperature gradient in
the porous sleeve increases, leading to a stronger convec-
tive cell.

Fig. 5. Flow fields in a concentric annulus with a porous sleeve for »=1.50, Pr=2x10* and Ra=0.1 (A¥Y =2.5x10"° for Da=10"* and

AY = 5.0 x 107° otherwise).
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10°

1.0

2.0

107

Fig. 6. Temperature fields in a concentric annulus with a porous sleeve for 5 = 1.50, Pr =2 x 10*, and Ra = 0.1 (A®@ =0.2).

For a given conductivity ratio, it appears that the tem-
perature field is independent of the Darcy number
(Fig. 6). When k,/k, = 1.0, there is no distinction between
the fluid and porous layers as far as heat transfer is con-
cerned. For k,/k, < 1, the porous sleeve is more conductive
than the fluid layer. For this reason, the porous sleeve is
almost uniform in temperature. On the other hand, for
ki/k, > 1, the temperature in the fluid layer is more uni-
form than that in the porous sleeve. Unlike the flow fields,
the temperature fields for Da = 10° depend heavily on
ki/k>. Although there is almost no flow resistance in the
porous sleeve for Da = 10°, the presence of a porous sleeve
can promote (k/k, > 1.0) or demote (k1/k, < 1.0) the heat
flow. For low Rayleigh numbers, heat conduction is the
dominant heat transfer mechanism. The Darcy number,
although dictates the flow structure, has very little effect
on the temperature field. The dependence of the tempera-
ture field on the Darcy number is expected to become

important for highly convective flows that occur at high
Rayleigh numbers.

The combined effects of porous sleeve thickness and
conductivity ratio on the heat transfer results can be exam-
ined from Fig. 7, where average Nusselt numbers on the
inner and outer cylinders are presented. It is observed that
the average Nusselt number for the inner cylinder is always
twice as large as that of the outer cylinders. However, if one
takes into account the difference in the surface area, the
average Nusselt numbers turn out to be the same because
the radius of the outer cylinder is two times of that of
the inner cylinder. This shows that energy is balanced
between the inner and outer cylinders.

Also observed is that the average Nusselt numbers
decreases monotonously with k;/k,. As one recalls from
Fig. 3, an increase in the thermal conductivity ratio k/k
demotes convection in the fluid layer and thus reduces
the overall heat transfer from the annulus. On the other
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Fig. 7. Average Nusselt numbers on the inner and outer cylinders for various values of » and ki/k, (Da = 10"* and Ra=0.1).

hand, it is observed that the average Nusselt number
increases with an increasing value of 5. In other words,
the thinner the porous sleeve, the better the heat transfer
result. As one may recall from Fig. 2, a thinner porous
sleeve allows a stronger convective flow to be developed
in the fluid layer and which leads to an increase in the over-
all heat transfer. It is interesting to note that the average
Nusselt numbers for » = 1.25 and 1.5 become identical at
ki/k> = 0.5. Based on this observation, one may expect that
for a smaller thermal conductivity ratio k;/k,, the average
Nusselt numbers for all three values of » would be the same.

5. Conclusions

A theoretical study was performed using the regular per-
turbation method and finite Fourier transform. The results
show that two convective cells are induced by the differen-
tial heating between the inner and outer cylinders. The
strength of these cells increases with the Rayleigh number.
Also found is that the Prandtl number has an insignificant
effect on the flow and temperature fields when the Rayleigh
number is small.

The thinner a porous sleeve, the greater the strength of a
convective cell. For a sufficiently thin porous sleeve, the
porous sleeve behaves as if it were impermeable. At low
Rayleigh numbers, the heat removal from the inner cylin-
der is mainly by conduction. However, at a higher Rayleigh
number when heat convection becomes more important, it
is expected that the porous sleeve thickness will play a
much more important role in heat transfer. As the pore size
in the porous sleeve decreases (i.e., the Darcy number
decreases), the flow strength weakens. If the Darcy number
is of the order of unity, the presence of the porous sleeve is
negligible because its pore size is of the same order of mag-
nitude as the gap width. Since conduction is the dominant
heat transfer mode for the present study, thermal conduc-
tivity ratio k;/k, does not significantly affect the flow field.

Instead, it has a profound effect on the temperature distri-
bution. For a given porous sleeve thickness, the tempera-
ture gradient in the fluid layer decreases with k,/k, but it
increases in the porous sleeve. Consequently, for a typical
porous bearing (Da < 10~%), an increase in the thermal con-
ductivity ratio weakens the convective cells. Also, the
effects of thermal conductivity ratio on the temperature
gradients lead to a reduction of the average Nusselt num-
bers with k/k>. Other than the thermal conductivity ratio,
a thinner porous sleeve will also lead to a larger average
Nusselt number.

While the present study has explored a fundamental
problem in heat transfer, the analytical results obtained
are not only useful for code validation, but also have impor-
tant implications for practical applications. For example,
the Darcy number associated with porous bearings is nor-
mally on the order of 10~® to 10~ and the thermal conduc-
tivity ratio is usually on the order of 10>, Based on the
present results, one would expect a larger temperature gra-
dient to occur in the fluid layer rather than the porous
sleeve. In addition, heat dissipation by pure conduction
through porous sleeve may be effective in operation.

Appendix A
Ay = =By +Li(p)An + K1 (y)Bar + T, (A1)
Ap = —(13/216)X, + X,/18 — X5 /12

+0.25Xs — By + I>(7) A2 + K2(7)Baa, (A2)
Asy = [—ari(2bga1 + bericgar) + bri(agiics + 2ap)

+ cri(agaubpi — agiibsa)]/di, (A3)
Ay = [—ak3(4b322 + b3126’322) + bk3(a3120322 + 461322)

+ cx3(apnbpir — apiabpn)|/ds, (Ad4)
By = [Clrl (bA210321 - b321€A21) +br (alecAzl - aA2ch21)

+cr (aAzlezl - agzlezl)]/dl, (AS)
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B, = [aks(bAzchzz - szchzz) + bz (aBZZCA22 - aAzchzz)

+ cx3(aannbprr — agnbixn))/ds, (A6)
By = [Clrl (anCAzl - 2bA21) —br (zaAZI - a311€A21)

+cri(agiiba — ambsn))/di, (A7)
By = a3 (bp12can + 4bany) — bis(4am + apiacan)

+ cia(apibarn — aunbsn))/ds, (A8)
Cy1 = —0.25(a/b)’ 411, — [0.5In(a/b) + 0.25]B);,

— (a/b)*(0.251n(a/b) — 0.125)I'yy, (A9)

Cip = 0.125[—(a/b)’ A, + (b/a)*(Bir — 4k1 — 2(a/b)k,)],

(A10)

Cy = —0.5)"'Iy(yc/b) Az + 0.59"' Ko(yc/b) By

—(0.5In(c/b) 4 0.25)I'y, (A11)
Cy = kacAr + kpcBaw + kec, (A12)
Dyy = 0.125(a/b)* 411 + 0.25(a/b)* By

+ (a/b)*(0.1251In(a/b) — 0.03125)I'y,, (A13)
Dy, = (a/b)° /244, + 0.5(a/b)*

x (0.25B1, — ky +0.5(a/b)k,), (A14)

Dy = [0.5(c/b)*y ™ Io(ye/b) — (c/b)y*11(yc/b)]An
—[0.5(c/b)*y " Ko(ye/b) + (¢/b)y K1 (y¢/b)|Ba
+0.25(c/b)Ty, (A15)

Dy = kypAr + kzpB + kep, (Al6)

En = —Fu + (ki /ko)*(Ex + Fa1) — (1/64)4}, + (3/128)I'),,

(A17)

Ey ={=2ap(b/c) + bra[((k1 /k2)* = 1)(a/b)
+((ki/k2)* +1)(b/a)] + cra(a® — ) Jac} /da,  (A18)

Fii = {ara(c/b)((ki /ka)® + 1) = (k1 /k2)* = 1)/ (¢ /)]

— 2bpa(ky k)’ (a/b) — cra(k /k2) (a/c)
x [(¢/b)* = 1]}/ds,
Fa = {2ara(c/b)bral((ki /k2)* + 1)(a/b)

+ (ki /ka)* = 1)(b/a)] = era((a/b)* = 1](c/a)}/d,
(A20)

(A19)

66 =76 | ZOLOGOA - L) / 2K (O,

(A21)
R
W (R) = (Azz _ / :z@)m@&)@)u(m)
R
N <Bz2 + / iZ(é)Iz(Vé)di)Kz("/R), (A22)
1
X, =025, /Pr, (A23)
X, = (025(A11F/11 +A/11F11) — 01875F11F’11)/Pl"
—q(3sin 0"}, — cos 0I';;) /64, (A24)

X5 = [0.254,14}, + 0.09375(4,, I, =341, 1y + ' I)] /Pr
+ g [sin 0(—64), + 16B,, +7I",) /128

-+ cos 0(21411 — 3F11)/128], (AZS)

X, =0.5(BI, — B\, I')/Pr—0.125¢(sin 0B, — cos 0B;),
(A26)
Xs=1[0.5(—41B, +4},B11) +0.125(5B,, "}, — B}, ')
+Cn Iy = CI'y]/Pr— q[sin0(0.125B;, + 0.5C},)

+ cos 0(0.125B; — 0.5Cyy)], (A27)
Xo = [(3411B), + 54},B11)/8 — 411 C}; + 4),Cy

= (3BuTI'y, + 5B, I'1)/32 = C\ '] /Pr

—¢[sin 0(0.5C}, + Eyy) + cos OE} ], (A28)
X7 = (BuB), —Dul'y, — D\, I'n)/Pr

— 0.5¢(sin 0D}, + cos 0Dy,), (A29)

Xg = (—AuD), — 4,,Dy; +0.58,,8,
+B1uCyy + B Ciy — Dy T ) [ Pr
+¢[sin 0(0.5D1, + Fy1) — cos OF}, ], (A30)

Xo = (BuDy, — By,Du)/Pr, (A31)

Y1 = q(ki/k2)y " (—sin 04}, + cos 043)), (A32)
Yy = q(ki /k2)y*(sin OB, — cos 0By), (A33)
Ys = 0.125¢(ky /k»)(— sin 0T, + cos OT'»,), (A34)

—0.5945 1, (A35)

—0.5yBy1 I, (A36)

Yo = —qlky /k2)[sin 0(0.5C}, + 01251,

~ o~
w -
[l

+ 008 0(—0.5C; +0.125I'y,)], (A37)

Y7 = —42Cy, (A38)
Yy = B2 Cy, (A39)
Yo = —q(ki/k2)[sin 0(0.5C%, + E» — 0.125I"},) + cos 0E,],
(A40)

Yio = 0.5(dn Iy + Al '), (A41)
Yi = 0.5(Bu Ty + By I'n), (A42)
Y1 = AnChy + A (Car +0.5Iy), (A43)
Y13 = By Ch, + By (Cy +0.5Ty)), (A44)
Yy = I'y Iy, — 0.5q(ky /k>)(sin 0D, + cos ODyy), (A45)
Yis = Ao (=pDyy + 77 Th)) — qlk1 /ka)y 7 sin(0)4y,,  (A46)
Yie = Bai(pDyy — 7' Ty) + qlk1 /ka)y 7 sin(0)By,,  (A47)
Y17 = q(ki/k>)[sin 0(0.5D%, + F5;) — cos OF,], (A48)
Yis = Ay (Dy — y2Ty) — Ay (Do — y*Ty), (A49)
Y19 = By (Dy —y*T) — By (Do — 9 T1), (A50)
Yy = =Dy Iy + Dy Iy, (AS1)

Z(R)=7Y, /1 ' E L (E)dE+ Y, /1 ' £ Ko(y8)dé + Y3 In(R)
+ [Yalo(yR) + YsKo()R) + Y] In(R) + Y714 (yR)
+ YsKo(yR) + Yo + {[Y10l,(yR) + Y 11K (7R)] In(R)
+Y 111 (yR) + Y 13K, (yR)}R™!
+{Y14In(R) + Y1515 (yR) + Y 1sKo(7R)
+ Y17 }R 2+ {Y L1 (JR) + Y1oK  (yR) YR + YR,
(A52)
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I'yy = —0.5¢sin 0, (A53)
Ty = (ki /ky)qy " sin ), (A54)
ap ==y o(y) + [y 2 40.375 - 0.25(a/b)’
—0.125(a/b)" 11 () + 0.5y [1 + (¢/b)*)o(yc/b)
—(¢/b)y* L (ye/b), (A55)
apm = [(a/b)" /24— 0.125(a/b)* + 1/12]1(y) — kac — kap,
(A56)
ag = —0.51n(a/b) +0.125[(a/b)* — 1], (A57)

apn = —(a/b)®/2440.25(a/b)* — 1/3+0.125(b/a)*, (A58)
apn =7 'Ko(p) + [y 40.375 — 0.25(a/b)
—0.125(a/b)1K () — 0.5 [1 + (¢/b)*]Ko(ye/b)

—(¢/b)y K (y¢/b), (A59)
agn = [(a/b)® /24 —0.125(a/b)* +1/12] x K»(y) — ksc — kgp,
(A60)
as = [—(13/5184)(a/b)® + (13/1728)(a/b)*
— (419/331776))X, + ((a/b)° /432
— (a/b)’ /144 + (53/27648))X,
+ (—(a/b)° /288 + (a/b)* /96 — (5/1152))X;5
— (137/10368)X 4 + (19/1728)X s — X /72
+ ((a/b)*/96 — (a/b)*/32 + 5/48) X
—0.5((a/b)’ + (b/a)*)ky 4+ 0.25((a/b)’ — (b/a))k,
- kcc - kCD7 (A61)
ary = {0.125(a/b)*[— In(a/b) + 0.25] 4 0.25(a/b)’
x [—1n(a/b)0.5] — 0.15625} T
+1[0.125 — 0.125(a/b)* + 0.51n(c/b)
+0.25(c/b) I, (A62)
ar, = [(a/b)’ — (a/b)]/644, + 0.125(a/b)
x [In(a/b)’ — In(a/b)]B,, + 0.5(a/b)In(a/b)C},
—0.25(a/b)’ — 0.5(b/a)In(a/b)D),
+1[(3/128)(a/b) + (a/b)’ /64(In(a/b) — 1.5)|T',,
(A63)
by = [0.125 — 0.25(a/b)* + 0.125(a/b)* — y 2|11 (y)
+0.5[1 — (¢/b)"]yo(ye/b) + (c¢/b)y 11 (y¢/b),
(A64)
b = [—(a/b)*/12 = 0.25(a/b)* + (1/3)|12()
— 2kuc + 2kp, (A65)
bgi1 = —0.5In(a/b) — 0.375 + 0.5(a/b)” — 0.125(a/b)",
(A66)
by = (a/b)° /12 — (1/3) 4+ 0.25(b/a)’, (A67)

bga = [0.125 — 0.25(a/b)* 4 0.125(a/b)* — 372K, ()
= 0.5[1 = (¢/b)’ly"'Ko(ye/b) + (¢/b)y K1 (ye/b),
(A68)
b = [—(a/b)° /12 — 25(a/b)?
— 2kge + 2ksp,

+ (1/3)]K2(7)
(A69)

bis = [—(13/2592)(a/b)° + (13/864)(a/b)*
— (419/165888)1X, + (—(a/b)*/216
— (a/b)* /72 + (67/13824)) X,
+ ((a/b)° /144 + (a/b)* /48 — (7/576))X;
— (293/10368)X 4 + (43/1728)X 5
— (5/144)X¢ + (—(a/b)° /48 — (a/b)*/16
+ (1/48))X5 + Xo/16 + ((a/b)
— (b/a)’ )y — 0.5((a/b)* + (b/a) ks
— 2kec + 2kep, (A70)
bry = {0.125(a/b)*[In(a/b) — 0.25] — 0.25(a/b)*[In(a/b) — 0.5]
—0.09375} Iy + [0.375 — 0.25(a/b)* + 0.125(a/b)*
+0.51n(c/b) — 0.25(c/b)* I, (AT1)

c/b
b=/ |y [ 000 - B, e o]
+0.5(c/b) In(¢/b)Ch, — 0.5(b/c) In(c/b)D),

+0.125(c/b)[In(c/b)* — In(c/b)| ), (A72)

con = 11 (p) = 0.5[1 + (¢/b)IpIo(ye/b) + (c/b)i (ye/b),

(A73)
can = 45 () — 71 () + 29% ke — 27%kap, (A74)
com = Ki(7) +0.5[1+ (¢/b)]yKo(ye/b) + (¢/b)Ki (y¢/b),

(A75)
can = 4K5(7) + 7K1 (7) + 29%kse — 297 kgp, (A76)

Ci3 :X1/108—X2/36+X3/6+X4/32—X5/16

+0.25(Xs — X7 + 2Xs — Xo) + 29%kce — 29%kep,
(A77)
cri =Ty + (=0.5In(c/b)y* 4+ 2+ 0.25[1 — (¢/b)*]y*) T,
(A78)
cra = 0031254}, — 0.125B, +0.5C}, — 0.5D,
—0.03125T", — y7*Io(p)4h, + 77 Ko (7)BY,
—0.5C), +0.5D), +0.125I"),, (A79)

dy = agi1(bgaicant — bazicrar) + a1 (bgricsa + 2bg)
— Ap21(2b 21 + bgrican),
= [(1 = (k1 /k2)*)(c/b) + (1 + (k1 /k2)*)(b/c))(a/D)

— [(1+ (ki /ka)*)(¢/b) + (1 = (k1 /k2)*) (b)) (b /),
(A81)

(AS80)

ds = ap12(bpncamn — bancpn) + @ (bpiacen + 4bgn)

— agn(4bn + bpiocan), (A82)
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ki = [X1/3841In(a/b)’ + (—(25/4608)X | + X,/384)In(a/b)

+ (415/110592)X | — (25/9216)X, + X3/384](a/b)°

+ [(X4/144) In(a/b)’ + (—(11/576)X4 + X 5/96)

x In(a/b)* + ((85/3456)X4 — (11/576)Xs + X/48)

x In(a/b) — (137/10368)X 4 + (19/1728)Xs

— X/72)(a/b)" + [—(X7/32) In(a/b)* + ((X+/64)

— (X5/16))In(a/b)](a/b)’ + (Xo/16)In(a/b), ~ (A83)
ky = [(X,/64) In(a/b)* + (—(7/265)X, + X,/64) In(a/b)

+ (35/2048) X, — (7/512)X, 4+ X3/64](a/b)’

+ (1 = (k1/k2)") (b/)](b/a) + [Xs/36In(a/b)’

+ (—X4/18 + X5/24) In(a/b)* + ((13/216)X,

— X5/18 + X4/12) In(a/b) — (293/10368)X 4

+ (43/1728)X s — (5/144)X ] (a/b)’

+ {—(X7/16)In(a/b)* — (X7/32 + X5/8) In(a/b)

+X7/64 — X5/16}(a/b) + (Xo/16)(b/a), (A84)
c/b
kie = —0.25 / £ (e, (A85)
1
c/b
ks = —0.25 / EK (76)de, (A86)
1
c/b
kee = —0.25 / £1G(8)de, (A87)
1
c/b
kap =025 [ EL(yo)de, (A88)
1
c/b
kop = 0.25 /1 EK(rE)de, (A89)
c/b
kep = —0.25 / £G(8)de, (A90)
1
q = [(ki/k>) In(c/b) — In(a/b)] ", (A91)
y = 1/VDa. (A92)
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